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Abstract. Finding sparse cuts is an important tool for analyzing largegraphs that
arise in practice, such as the web graph, online social communities, and VLSI cir-
cuits. When dealing with such graphs having billions of nodes, it is often hard to
visualize global partitions. While studies on sparse cuts have traditionally looked
at cuts with respect to all the nodes in the graph, some recentworks analyze graph
properties projected onto a small subset of vertices that may be of interest in a
given context, e.g., relevant documents to a query in a search engine. In this pa-
per, we study how sparse cuts in a graph partition a certain subset of nodes. We
call this partition acut projection. We study the problem of finding cut projec-
tions in the streaming model that is appropriate in this context as the input graph
is too large to store in main memory. Specifically, for ad-regular graphG on n
nodes with a cut of conductanceΦ and constant balance, we show how to parti-
tion a randomly chosen set ofk nodes inÕ( 1√

αΦ
) passes over the graph stream

and spacẽO(nα + n3/4k1/4

√
αΦ19/4

), for any choice ofα ≤ 1. The resulting partition

is the projection of a cut of conductance of at mostÕ(
√

Φ). We note that for
k < nα6ΦO(1), this can be done iñO(1/

√
αΦ) passes and spacẽO(nα) that is

sublinear in the number of nodes.

1 Introduction

The problem of finding sparse cuts on graphs has been studied extensively [6, 5, 13, 4,
22, 20]. Sparse cuts form an important tool for analyzing/partitioning real world graphs,
such as the web graph, click graphs from search engine query logs and online social
communities [8]. While traditionally studies on sparse cuts have looked at cuts with
respect to all the nodes in the graph, more recent works [17, 16] study graph properties
projected onto a small subset of nodes that may be of interest. For example, while the
web graph may consist of several billions of nodes, in a givencontext, one may only
be interested in the most important nodes such as those with high PageRank or those
nodes (representing web pages) relevant to a specific searchquery. Specifically, we may
be interested in finding how connected components of the graph partition these nodes,
or we may wish to compute the diameter of the graph with respect to these nodes, or
perhaps compute the distance between these nodes with respect to the original graph.
Such operations not only enable us to understand the structure of a facet of the graph,
but also make it feasible to visualize the graph using a much smaller set of nodes. This
approach has been taken in several studies including HITS [14], SALSA [15], and web
projections [16], where they study the properties of the webgraph restricted to a set of
documents that match a given query.



A well developed framework for studying large graphs under memory constraints is
the streaming model wherein the input graph is assumed to be on disk, and the algorithm
is allowed to make few sequential passes over the input whileusing a small amount of
space in main memory. Our approach works on the streaming model with sub-linear
space. The space and pass requirements on streaming algorithms can vary significantly
depending on the problem. Demetrescu et. al. [10] give an excellent exposition on the
space-passes trade off in graph streaming problems. Henzinger et. al. [12] showed linear
lower bounds on the “space× passes” product for several graph problems including
connectivity and shortest path problems. In this work, we present a streaming algorithm
for finding how a sparse cut partitions a small random set of nodes when the graph
is presented as a stream of edges in no particular order. Our streaming algorithm uses
space sublinear in the number of nodes. We also provide an algorithm for finding a
sparse cut on the entire graph. We now introduce some definitions below.

Definition 1 (Conductance and Sparsity).The conductance of a graphG = (V, E) of
n nodes1, 2, . . . , n is defined asΦ(G) = minS:E(S)≤E(V )/2

E(S,V \S)
E(S) whereE(S, V \

S) is the number of edges crossing the cut(S, V \ S) andE(S) is the number of edges
with at least one end point incident onS. Ford-regular graphs,Φ(G) = minS:|S|≤|V |/2
E(S,V \S)

d|S| . Further, this is within a factor two ofminS
nE(S,V \S)
d|S||V \S| . We also note that the

sparsity of ad-regular graph is related to the conductance by a factord.

Definition 2 (Balance).The balance of a cut(S, V \S) is defined asmin{ |V \S|
|V | , |S|

|V |}.

Definition 3 (Cut Projections).Given a cut(S, V \S), we will say that(S∩U, V \S∩
U) is a projection of the cut(S, V \S) onU . Further, we will say that a cut(C, U \C),
whereC ⊆ U , is a projected cut of conductanceΦ if it is a projection of a cut(S, V \S)
with conductanceΦ.

1.1 Contributions of this study

Our approach builds on the streaming algorithms presented in [9] for performing a large
number of random walks efficiently on a graph stream. These random walks are used to
estimate the probability distribution of the random walk that is in turn be used to find a
sparse cut by adapting the method of Lovasz and Simonovits [18, 22].

One of the main contributions of this paper is an algorithm toestimate the proba-
bility distributions on an arbitrarily chosen subset ofk nodes in ad-regular graph. To
obtain the probability of reaching destinationt from sources after a walk of length
l, the algorithm runs multiple walks (starting with lengthl/2) from source-destination
pairs, and recursively estimates probability distributions of mid-points, by looking at
the “collisions” of these walks. A similar idea has been usedin property testing for
expander graphs in [11]. However, in their case, they just need to run walks of length
l/2 and investigate the collisions. Since we need a good estimate of the probability dis-
tribution att, the algorithm needs to run walks recursively of shorter lengths. All our
techniques depend on the reversibility of the random walk, and hence only work for
d-regular, unweighted graphs. We now describe our results beginning with a definition
of some notation.



Definition 4. LetPl[st] denote the probability of landing at nodet after a random walk
of lengthl starting froms. Further, letpl(i) = Pl[si]. We drop the subscriptl when it is
clear from context.

The following theorem, proved in Section 3, shows how to compute the approximate
distribution on a arbitrarily chosen subsetK of k nodes.

Theorem 1. Given an arbitrarily chosen subsetK of k nodes, one can compute an
estimatẽp(i) for p(i) (the probability distribution after a walk of lengthl) for all i ∈ K

in Õ(
√

l
α ) passes and̃O(nα + 1

ǫ

√

nkl
α ) space for any choice ofα ≤ 1, such that the

error in the estimate|p̃(i) − p(i)| is at mostÕ(l
√

p(i)ǫ
n + lǫ

n + (l
√

ǫ)p(i)).

Our main results for computing projected cuts (described inSection 4) with sparsity
at mostÕ(

√
Φ) are stated below.

Theorem 2. For anyd-regular graphG that has a cut of balanceb and conductance at
mostΦ, given a setK of randomly chosenk nodes, we show that there is an algorithm
that achieves the following on a graph stream (for any choiceof α ≤ 1).
(a) PartitionsK into two sets such that the partitioning is a projected cut ofconductance
at mostÕ(

√
Φ), in Õ( 1√

αΦ
) passes and̃O(nα + n3/4k1/4

b
√

αΦ19/4
) space.

(b) Outputsk candidate partitions such that at least one of them is a projected cut of
conductance at most̃O(

√
Φ), in Õ( 1√

αΦ
) passes and̃O(nα +

√
nk

b
√

αΦ
9

2

) space.

Corollary 1. Given a set of randomly chosenk ≤ nα6b4ΦO(1) nodes, there is an al-
gorithm that partitions them, iñO( 1√

Φα
) passes and̃O(nα) space, into a projected cut

of conductance at most̃O(
√

Φ) w.h.p.

Observe that the space required is sublinear in the number ofnodes ifk satisfies the
bound in the above corollary. Our algorithms can also be extended to partition all the
n nodes in the graph; that is, find the entire (approximate, sparse) cut. The following
theorem shows how find an approximate sparse cut in (possibly) sublinear space. The
proof is detailed in the full version of the paper.

Theorem 3. For anyd-regular graphG that has a cut of conductance at mostΦ and

balanceb, there is an algorithm that performs̃O(
√

1
Φα ) passes over the graph stream

and using spacẽO(min{nα + 1
b

(

nα
dΦ3 + n

d
√

αΦ5/2

)

, (nα + 1
b

n
dαΦ2 )

√

1
Φα + 1

Φ}), for

any choice ofα ≤ 1. and outputs, with high probability, a cut of conductance atmost
Õ(

√
Φ).

1.2 Related Work

A well-known approach for graph partitioning is to compute the second eigenvector that
can be used to compute a sparse cut by ordering the nodes in increasing order of coor-
dinate value in the eigenvector. The second eigenvector technique has been analyzed in
a series of results [2, 7, 21] relating the gap between the first and second eigenvalue.



The best known approximation algorithm to compute the sparsest cut in a graph
is due to Arora, Rao, and Vazirani [4]. They provideO(

√
log n)-approximation algo-

rithm using semi-definite programming techniques. While their algorithm guarantees
good approximation ratios, it is slower than algorithms based on spectral methods and
random walks.

Lovasz and Simonovits [18, 19] proposed another approach tofinding cuts of small
conductance. They showed how random walks can be used to find sparse cuts. Specifi-
cally, they show that if you start a random walk from a certainnode and order the nodes
by the probability of reaching them, then this ordering contains a sparse cut. They prove
that if the sparsest cut has conductanceφ, then their method can be used to find a cut
with conductance at mostO(

√
φ).

Spielman and Teng [22] build upon the work of Lovasz and Simonovits and show
how it can be implemented more efficiently by sparsifying thegraph. They show that for
a dense graph, it is possible to look at a near linear number ofedges and only compute
the sparse cuts on the sampled set of vertices. Given a graphG = (V, E) with a cut
(S, V \ S) with sparsityφ and balanceb(S) = |e(S)|/2|E| ≥ 1/2 wheree(.) denotes
the set of edges incident on nodes inS, their algorithm finds a cut(D, V \ D) with
sparsityO(φ1/3 logO(1) n) and balance of the cut(D, V \ D), b(D) ≥ b(S)/2.

Andersen, Chung, and Lang [3] proposed a local partitioningalgorithm to find cuts
near a specified vertex and global cuts. The running time of their algorithm was propor-
tional to the size of small side of the cut. Their results improve upon those in [22];

In a more recent work [9], the authors proposed algorithms toperform several ran-
dom walks efficiently on graphs presented as edge streams using a small number of
passes. A recent study [1] shows how to find1 + ǫ-approximate sparse cuts iñO(n)
space by making use of graph sparsifiers. In contrast, our algorithm requires sublinear
space for a certain range of parameters, but provides much a weaker approximation to
the sparsest cut.

2 Cuts from approximate probability distributions of rando m
walks

In this section we will show how one can compute candidate sparse cuts from approxi-
mate probability distributions of random walks. We start from a random sources from
the smaller side of the best cut with conductanceΦ and perform a random walk of length
about1/Φ. We extend the algorithm of Lovasz and Simonovits [18] to findsparse cuts
using approximate distributions. This is similar to the work by Spielman and Teng [22]
that also works with estimates ofp(i). But the magnitude of error allowed in our work
is larger than in theirs. We adapt a set of lemmas from their work to prove Theorem 4
below. The proof is detailed in the full version of this paper.

Definition 5. For a probability distributionp(i) on nodes, letρp(i) = p(i)/d(i). Letπp

denote the ordering of nodes in decreasing order ofρp; that is,ρp(πp(i)) ≥ ρp(πp(i +
1)).

Recall thatp(i) denotes the probability of ending at nodei after a random walk of
length l. The following theorem shows how one can find candidate sparse cuts using



approximate values̃p(i) of p(i). It looks at then candidate cuts obtained by ordering
the nodes in the orderπp̃.

Theorem 4. Let (U, V \ U) (with |U | ≤ |V |/2) be a cut of conductance at mostΦ.
Let p̃(i) denote an estimate for the probabilityp(i) of a random walk of lengthl from a
sources fromU . Assume that|p̃(i)− p(i)| ≤ ǫ(p(i)+ 1/n), whereǫ ≤ o(Φ). Consider
then candidate cuts obtained by ordering the vertices in decreasing order ofρp̃(i); each
candidate cut(S, V \S) is obtained by settingS equal to a prefixSj = πp̃{1, 2, . . . , j}.
If the source nodes is chosen randomly fromU and the lengthl is chosen randomly
in the range{1, . . . , O(1/Φ)}, then with constant probability, one of thesen candidate
cuts has conductanceΦ(Sj) ≤ Õ(

√
Φ)

Note that the source nodes needs to be sampled fromU , the smaller side of the
cut. To obtain such a source, we have to sample several sources fromV , sinceU is not
known, and execute the algorithm in parallel (so as not to increases the number of passes
required). Given a cut of balanceb, this increases the number of walks required by a
factor of Õ(1

b ), and therefore the space required accordingly; in all our space bounds,
the first term ofnα, however, does not depend on the number of walks performed.

In section 4 we will show how Theorem 4 in conjunction with Theorem 1 is used
to prove Theorem 2. The essential idea is to look at thek candidate cuts obtained by
arranging the nodes in decreasing order ofπp̃ and then estimate the conductance across
these candidate cuts to pick the best one.

In proving these theorems, we use the techniques presented in [9] for performing a
large number of random walks efficiently on a graph stream. They show how to perform

O(n/l) independent random walks using̃O(nα) space and̃O(
√

l
α ) passes over the

graph stream. Their main result is stated below.

Theorem 5 ( [9]).One can performk independent random walks from a given source
distribution, on a graph stream, iñO(

√

l/α) passes and̃O(min{nα + klα + k
√

l/α,

nα
√

l/α+ k
√

l/α+ l}) space, for any choice ofα ≤ 1. For k = n
l walk, this requires

Õ(
√

l/α) passes and̃O(nα) space for1/l ≤ α ≤ 1.

Next we will show how performing random walks can be used to compute the prob-
ability distribution approximately so that we may apply theorem 4. To get good approx-
imations, we need to perform random walks recursively as shown in the next section.

3 Estimating probability distribution pi on a small set of nodes

In this section we show how to estimate the probability distribution on a small set ofk
nodes resulting in Theorem 1. The distribution is required for the endpoint of a random
walk of lengthl from a specific source nodes (or more generally a source distribution).
The naı̈ve approach would be to perform several random walksof lengthl from s and
look at the end points of these walks to see how many times eachof thek nodes occurs.
This can be inefficient ask may be much smaller thann and most of the random walks
may end up at nodes other than thek nodes we are interested. So we seek a more



efficient approach tailored towards estimating the distribution of a specific small set of
nodes.

We will begin by stating the following technical lemma. The lemma is later used to
approximate distributions. It bounds the error in estimatingaij for a matrixA, wherei
andj are drawn from two different probability distributions. The guarantee is stated as
a trade-off with the number of samples drawn fori and forj.

Lemma 1. LetA = {aij}m×n denote a matrix of non-negative entriesaij . LetµXY =
Ei∈X,j∈Y [aij ] denote the expected value ofaij wherei andj are drawn independently
from probability distributionsX = {xi, x2, . . . , xm} andY = {y1, y2, . . . , yn} on the
rows and columns respectively. Assuming||Atx||∞ ≤ Õ( 1

ǫnx
) and||Ay||∞ ≤ Õ( 1

ǫny
),

one can obtain an estimateµX̃Ỹ for µXY by drawingÕ(nx) samples fromX and
Õ(ny) samples fromY . HereX̃ andỸ are the distributions induced by thẽO(nx) and

Õ(ny) samples respectively. The error|µX̃Ỹ − µXY | is at mostÕ(
√

µXY

ǫnxny
+ 1

ǫnxny
)

w.h.p.

Proof. Let µD = Ei∈D[ci]. For a distributionD and a vectorc with non-negative
entries between[0, 1], Õ(n) samples are drawn fromD to estimateµD w.h.p such that

|µD̃ −µD| ≤
√

µ
n + 1

n by Chernoff bounds. More generally,|µD̃ −µD| ≤
√

µ||c||∞
n +

||c||∞
n .

We need to bound|µXY − µX̃Ỹ | ≤ |µXY − µXỸ | + |µX̃Y − µX̃Ỹ |. Setci =

Ej∈Y [aij ], i.e., c = Ay. This gives|µXY − µX̃Y | ≤
√

µXY ||Ay||∞
nx

+ ||Ay||∞
nx

≤
√

µXY

ǫnxny
+ 1

ǫnxny
.

Further, settingcj = Ei∈X̃ [aij ] or c = Atx̃ gives|µX̃Y −µX̃Ỹ | ≤
√

µX̃Y ||Atx̃||∞
ny

+

||Atx̃||∞
ny

w.h.p. But, note that||Atx̃||∞ ≤ ||Atx||∞ + Õ(
√

At||x||∞
nx

+ At||x||∞
nx

) ≤
Õ( 1

ǫnx
) as ||Atx||∞ ≤ Õ( 1

ǫnx
). And sinceµX̃Y ≤ µXY + Õ(

√

µXY

ǫnxny
+ 1

ǫnxny
) ≤

Õ(µXY + 1
ǫnxny

), the difference is at most̃O(

√

(µXY + 1

ǫnxny
)1/ǫnx

ny
+ 1

ǫnxny
) ≤

Õ(
√

µXY

ǫnxny
+ 1

ǫnxny
). Combining the two, the lemma follows.

We first describe the main idea in estimating the probabilities after a random walk
for a subset of nodes as Algorithm RECURSIVERANDOMWALK . The algorithm uses
a parameterm that controls the accuracy of error in estimation. Given a set of nodes
K, with |K| = k, and a source nodes, we wish to estimatePl[st] for all nodes in
t ∈ K up to an additive accuracy of aboutO(

√

Pl[st]/m). Rather than performingm
walks of lengthl from s, Θ̃(

√
mk) walks are performed froms andΘ̃(

√

m
k ) walks

from each node inK, all of lengthl/2. Note that the product of the number of walks
performed ism. We then use collisions in the end points of these walks of length l/2 to
estimate the probabilities (since it is a reversible randomwalk). The key insight is that
Pl[st] =

∑

i Pl/2[sui].Pl/2[tui] =
∑

i xiyi wherexi = Pl/2[sui] andyi = Pl/2[tui].



That is, one can break all paths froms to t at half way, and sum over alll/2 length paths
from s to ui andui to t. Any nodeui may either have asmall or a large probability
of being reached froms after a random walk of lengthl/2; the same observation holds
for for t as well. Roughly, a nodeu has a small probability for sources if Pl/2[su] is
o(1/

√
mk), and large probability otherwise. In the formal description of the algorithm

we denote these sets of nodes bySa andSb respectively. Notice thato(1/
√

mk) is less
than the reciprocal of the number of walks run froms. We denote the number of walks
of lengthl/2 performed froms byns. Similarly, a nodeu has small probability estimate
from t if Pl/2[tu] is o(

√

m/k), and a large probability otherwise. In the algorithm, these
sets of nodes are denoted byTa andtb respectively. The total number of walks of length
l/2 performed from each nodet is denoted bynt. Now, four cases arise for everyui.

• xiyi is Ω(1/m) andxi is Ω( 1√
mk

) andyi is Ω(
√

k
m ).

• xiyi is o(1/m) andxi is o( 1√
mk

) andyi is o(
√

k
m ).

• xiyi is Ω(1/m) butxi is o( 1√
mk

) andyi is Ω(
√

k
m ).

• xiyi is Ω(1/m) butxi is Ω( 1√
mk

) andyi is o(
√

k
m ).

The first case is whenui has largePl/2[sui] andPl/2[tui], and therefore, it will
be seen in walks from both ends and gives us a good estimate ofui’s contribution to
∑

i Pl/2[sui].Pl/2[tui]. The second case is whenui has small probability for boths and
t. In this case, w.h.p.,ui will not be seen in either set of walks. Therefore,ui’s contribu-
tion to

∑

i Pl/2[sui].Pl/2[tui] cannot be estimated. However, sincePl/2[sui].Pl/2[tui]
itself iso(1/m), ui’s contribution to the estimate ofPl[st] is negligible.

The difficulty arises in estimating the product forui in the third and fourth cases.
In both these scenarios, just the walks described above aren’t sufficient to estimate the
product and yet the contribution may be significant. This is becauseui has a large prob-
ability from one end, but a small probability from the other end. The small probability
cannot be estimated with just these walks, but the product could be significant, in partic-
ular the product could beΩ(1/m). Hence one needs to resort to a recursive estimation
algorithm where the small estimate is captured by performing further walks.

For any nodeui with a large value ofPl/2[sui] and a small value ofPl/2[tui], we
adopt a recursive approach betweenui and t by performing random walks of length
l/4 from all suchui and fromt. Similarly, for all nodesui that have a large value of
Pl/2[tui] and a small value ofPl/2[sui], we perform random walks of lengthl/4 from
s and all theseui to get better estimates ofPl/2[sui] and consequently the product
Pl[st]. These probabilities may themselves be estimated by randomwalks of length
l/8, in another depth of the recursion, and so on. Eventually, combining all of these
carefully gives us the probability distribution oft from s after a random walk of length
l (notice that we use the reversibility of the random walk). The exact details are stated
in Algorithm 1.

We now state and prove the guarantee of RECURSIVERANDOMWALK in estimating
probabilities by making use of Lemma 1.

Lemma 2. Algorithm RECURSIVERANDOMWALK gives an estimate ofµ = Pl[st]
within an additive error ofÕ(l

√
ǫµ + l

√

µ
ǫm + l

ǫm ).



Algorithm 1 RECURSIVERANDOMWALK (s, K , l)

1: Input: Starting node/distributions, lengthl, and chosen set ofk nodesK. SetK need not
necessarily be chosen at random.

2: Output: p(t) = P̃l[st] for eacht ∈ K, an estimate ofPl[st] with explicit bound on additive
error.

3: Performns = Θ̃(
√

mk) walks froms andnt = Θ̃(
p

m/k) walks from eacht ∈ K, all of
lengthl/2.

4: Denote bySa the set of nodes seen at mostÕ( 1
ǫ
) times (small number of times) as endpoints

of the ns walks from s and denote the remaining nodes (seen large number of times) by
Sb. Similarly, for eacht, partition the nodes intota(seen small number of times fromt) and
tb(seen large number of times fromt). Denote byx̃ and ỹ the distributions of nodes in the
end points of the walks froms andt respectively. Thus,̃xi is the fraction of walks froms
that end up at nodei.

5: Let w(Sb) =
P

i∈Sb
x̃i andw(tb) =

P

i∈tb
ỹi. Denote byDSb the distribution of end

points of walks over the nodes inSb, i.e., the probability ofi in DSb is x̃i/w(Sb) if i ∈ Sb

and0 otherwise. Similarly, denote byDtb the distribution of end points of walks over the
nodes intb.

6: For eacht ∈ K, setPl[st] =
P

i∈Sa∩ta
x̃iỹi + w(Sb)Pl/2[DSb t] + w(tb)Pl/2[sDtb ] −

P

i∈Sb∩tb
x̃iỹi.

7: In the above expression,Pl/2[DSb t] and Pl/2[sDtb ] are estimated recursively for all the
t ∈ K. Note that if length is1, P1[st] can be computed exactly in one pass.

Proof. Pl[st] =
∑n

i=1 xiyi. If all xi are smaller thañO( 1
ǫ
√

km
) andyi is smaller than

Õ( 1

ǫ
√

m/k
), then by Lemma 1, the algorithm estimatesµ = Pl[st] within error of

Õ(
√

µ
ǫm + 1

ǫm). More generally,Pl[st] can be computed as a sum over four sets as
Pl[st] =

∑

i∈Sa∩ta
xiyi +

∑

i∈tb
xiyi +

∑

i∈Sb
xiyi −

∑

i∈Sb∩tb
xiyi; herei ∈ Sa if

xi is Õ( 1
ǫ
√

km
) andi ∈ Sb otherwise.−∑

i∈Sb∩tb
xiyi is required as it is counted once

in each of
∑

i∈tb
xiyi and

∑

i∈Sb
xiyi. Similarly j ∈ ta if yj is Õ( 1

ǫ
√

m/k
), andj ∈ tb

otherwise. We will argue that step 6 of the algorithm RECURSIVERANDOMWALK is
summing the estimates of each term.

Let µaa, µ∗b, µb∗, µbb respectively denote
∑

i∈Sa∩ta
xiyi,

∑

i∈tb
xiyi,

∑

i∈Sb
xiyi

and
∑

i∈Sb∩tb
xiyi. Note that it is not known which ofxi’s or yi’s are small or large.

The number of walks performed, however, are sufficient to obtain the right classification
to small or large, by standard Chernoff bounds.

Let x̃ and ỹ denote the distributions induced by the end points of thens walks
andnt walks respectively. Note that by Lemma 1,

∑

i∈Sa∩ta
xiyi can be estimated as

∑

i∈Sa∩ta
x̃iỹi with error at mostÕ(

√

µaa

ǫm + 1
ǫm). Also note that ifi ∈ Sb, thenx̃i

is within (1 ± √
ǫ)x̃i w.h.p. from Chernoff bounds. Thus,µbb can be estimated with

error at most
√

ǫµbb. Again,µ∗b can be estimated asµ∗b̃ =
∑

i∈tb
xiỹi where the error

|µ∗b − µ∗b̃| ≤ √
ǫµ∗b. Similarly, µb∗ can be estimated asµb̃∗ =

∑

i∈Sb
x̃iyi with

additive error at most
√

ǫµb∗.

Observe that theµ∗b̃ =
∑

i∈tb
xiỹi = w(Sb)Pl/2[DSb

t] andµb∗̃ =
∑

i∈Sb
x̃iyi =

w(tb)Pl/2[sDtb
] are estimated recursively by computingPl/2[DSb

t] andPl/2[sDtb
].



Letδl(Pl[st]) denote the error in estimating the probabilityPl[st]. Thenδl(µ) =
√

µaa

ǫm +
1

ǫm +
√

ǫµbb +
√

ǫµb∗ +
√

ǫµ∗b + w(Sb)δl/2(Pl/2[DSb
t]) + w(tb)δl/2(Pl/2[sDtb

]) ≤
√

µ
ǫm + 1

ǫm + 3
√

ǫµ + w(Sb)δl/2(
µ

w(Sb)
) + w(tb)δl/2(

µ
w(tb)

).

The branching factor of the recursion is2 and has depthlog l with l leaves. Also note
that at the leaf,δ1(P1[st]) = 0. It follows from standard methods for solving recursion
thatδl(µ) = Õ(l

√
ǫµ + l

√

µ
ǫm + l

ǫm ).

We now use the approach in [9] to bound the number of passes andspace required
in performing RECURSIVERANDOMWALK . The analysis is simple and only requires a
careful calculation of the number of walks performed for each lengthl/2, l/4, l/8, . . ..

Lemma 3. Algorithm RECURSIVERANDOMWALK can be implemented on a graph

stream inÕ(
√

l
α ) passes and̃O(nα +

√

mkl
α ) space for any choice ofα ≤ 1.

Proof. Notice that in the first phase of RECURSIVERANDOMWALK , O(
√

mk) walks
are performed froms of length l/2 andO(

√

m/k) walks from eacht of length l/2.
Whenever recursively calculating the distribution,O(

√
mk) walks are required for any

source distribution to destination distribution pair. Since the length of the walks halve
with every recursive depth, the number of levels isO(log l) before the length of the
walks required becomes a constant. However, the pairs for which the distributions need
to be estimated keeps doubling. So after, say,t phases, we performO(2t

√
mk) walks

of lengthl/2t.
From [9], the space required fork walks isÕ(nα + klα + k

√

l/α). Although [9]
assumes that the source distribution was the same for all thek walks, it is easy to extend
their result to perform a specific number of walks from different source distributions (to
a total ofk walks), with only a logarithmic factor increase in the space(by Chernoff
bounds).

Summing this overt phases, the first term remains̃O(nα). The second term of
Õ(klα) is alwaysÕ(

√
mklα), as only alog l factor increases. The third term ofk

√

l/α
is dominated by the last phase (since this term depends linearly in k but only as square-
root in the length of the walks), wherel

√
mk walks of lengthO(1) are performed. The

dominating term therefore is̃O(
√

mklα), completing the proof.

Remark 1.If algorithm RECURSIVERANDOMWALK is to be performed fromr differ-

ent sources, this would increase the space requirement toÕ(nα+r
√

mkl
α ). This follows

from the fact that the first term of̃O(nα) in the space requirement does not depend on
the number of walks performed.

Notice that combining Lemmas 2, 3, and choosingm = n
ǫ2 immediately gives The-

orem 1. Observe that by settingǫ = o(Φ2/l2) we satisfy the conditions of Theorem 4
and can thus compute candidate cuts.



Algorithm 2 CUTPROJECTIONCANDIDATES(G, K , s)

1: Input: GraphG, setK of k randomly sampled nodes, and a source nodes.
2: Output: k partitions on thesek nodes.
3: Estimate probabilities on thek nodes using RECURSIVERANDOMWALK for sources and

walk of lengthl, wherel is chosen at random between1 andO(1/φ2).
4: Order thek nodes in decreasing order of the probability estimates. Return thek candidate

cuts implied by taking prefixes of this ordering.

Algorithm 3 CUTPROJECTION

1: Input: GraphG with cut of conductance at mostΦ and sources from the smaller side of this
cut; setK of k randomly sampled nodes.

2: Output: Partition of thesek nodes such that this is a projected cut of conductance is at most
φ = Õ(

√
Φ) with constant probability.

3: Sample additional nodes randomly and add it to the setK so that the resulting setK′ is of

sizek′ =
q

kn
φ

.

4: Call CUTPROJECTIONCANDIDATES with G′, K′, s.
5: Consider all of thek′ cuts returned by CUTPROJECTIONCANDIDATES that have at leastk

′

k

nodes on either side of the cut. Notice that each of these cutshas at least one of thek nodes
in K on either side, with constant probability.

6: For each of these cuts, compute the conductance on the induced subgraph over thesek′ nodes.
7: Output the cut induced on thek nodes by the cut on thek′ nodes that has the minimum

conductance in the induced subgraph.

4 Finding sparse cut projections on a small set of nodes

In this section, we prove Theorem 2. Approximate values ofp(i) are known from The-
orem 1. By settingǫ = Õ(Φ2

l2 ) in theorem 4, we find probability estimatesp̃(i) that
satisfy the condition required in theorem 1. Notice that part (b) of Theorem 2 follows
directly by using walks of lengthl = O( 1

Φ ). If we order all then vertices by the proba-
bility estimates at least one cut has conductance at mostÕ(

√
Φ). Naturally this ordering

induces an ordering on thek vertices that results ink candidate cuts. Note that in our
algorithm we need to samplẽΩ(1/b) sources so that at least one falls on the smaller
side of the optimal cut with high probability. The factor1/b is not applied to thenα
term as we can perform all the random walks concurrently as stated in remark 1.

We now prove Theorem 2 part (a). We need to estimate the projected cut conduc-
tance for each of thek candidate cuts from the ordering of approximate probabilities.
This is done by boosting the number of random nodes fromk to k′. It turns out that
one can estimate the projected cut conductance value of a specific cut on thek nodes
by looking at the conductance on the induced subgraph and cuts on thek′ nodes (for an
appropriate choice ofk′), as stated in Lemma 4. The formal description is in algorithm
CUTPROJECTIONCANDIDATES and algorithm CUTPROJECTION. Let ΦK′(U, K ′ \U)
denote the conductance of the cut(U, K ′ \U) on the induced subgraph on nodes inK ′.



Lemma 4. For a setK ′ of randomly chosen nodes with|K ′| = k′ ≥
√

kn
φ and |U | ≥

k′

k and |K ′ \ U | ≥ k′

k , and let(U, K ′ \ U) be a projected cut of conductance of beΨ .
ThenΦK′(U, K ′ \U) gives a constant factor approximation toΨ with high probability.

Proof (sketch).The essential idea is that considering the conductance of the induced

cut on
√

kn
φ nodes, is identical to estimating

∑

(i,j)∈E naijxiyj/(|X ||Y |) by sampling

eachxi with probabilityk′|X |/n and eachyi with probabilityk′|Y |/n andaij is 1
d for

an edge(i, j). The proof is then completed using Lemma 1. A more detailed exposition
is presented in the full version of the paper.

This lemma automatically gives a method for estimating the projected cut conduc-
tance for a partition of a subset ofk nodes. We are now ready to prove the main theo-
rem 2 part (b).

Proof (Proof of Theorem 2(b)).By settingǫ = Õ(Φ2

l2 ) in theorem 4, we find probability
estimates̃p(i) that satisfy the condition required in theorem 1. So if we order all then
vertices by the probability estimates at least one cut has conductance at most̃O(

√
Φ).

Naturally this ordering induces an ordering on thek′ vertices that contain the setK.
We are simply estimating the conductance of all the cuts in this ordering that has at
least one vertex fromK in the smaller side. If none of these cuts give the required
conductance of̃O(

√
Φ), then allk nodes are put on the same side of the cut and output.

Note that in our algorithm we need to sampleΩ̃(1/b) sources so that at least one falls

on the smaller side of the optimal cut with high probability.This gives
√

l
Φα passes and

Õ(nα+ 1
b

1
ǫ

√

nk′

φα ) = Õ(nα+ n3/4k1/4

b
√

αΦ19/4
) space. The factor1/b is not applied to thenα

term as the we can perform all the random walks concurrently as stated in remark 1.

5 Conclusions

In this work, we present an approach for finding cuts that approximate the conductance
of a graph presented as a stream of edges. In particular, we show that this problem can
be solved more efficiently if we are only required to partition a small set ofk random
nodes with respect to a sparse cut. The streaming algorithmswe present require space
that is sublinear in the number of nodes for a certain range ofparameters.

Acknowledgments:We thank D. Sivakumar, S. Vempala, and K. Munagala for com-
ments on the paper.
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